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Abstract

Many experimental works on forced convection through micro-channels evidenced that when the hydraulic diameter

is less than 1 mm, conventional theory can no longer be considered as suitable to predict the pressure drop and con-

vective heat transfer coefficients. This conclusion seemed valid for both gas and liquid flows. Sometimes the authors

justified this claim by invoking ‘‘new’’ micro-effects. On the contrary, in this paper the explanation of the experimental

results obtained for micro-channels in terms of friction factors will be researched inside the conventional theory

(Navier–Stokes equations). In particular, this paper will focus on the role of viscous heating in fluids flowing through

micro-channels. A criterion will be presented to draw the limit of significance for viscous dissipation effects in micro-

channel flows. The role of the cross-sectional geometry on viscous dissipation will be highlighted and the minimum Rey-

nolds number for which viscous dissipation effects can no longer be neglected will be calculated as a function of the

hydraulic diameter and of the micro-channel geometry for different fluids. It will be demonstrated how viscous effects

can explain some experimental results on the Poiseuille numbers in micro-channels, which recently appeared in the open

literature.

� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Micro-flow devices (MFDs) are downscaled devices

like channels, nozzles, diffusers, pumps, mixers, heat

pipes, sensors, transducers and actuators that are incor-

porated in complex systems for medical diagnosis and

surgery, chemical analysis, biotechnology and motor

management. The development of micro-fluidic devices

during the past 10 years has been particularly striking.

Today, the research on micro-electro-mechanical sys-

tems (MEMS) is exploring different applications that in-
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volve the dynamics of fluids and the single and two-

phase forced convective heat transfer in micro-channels.

Recent advances in micro-fabrication techniques make it

possible to build micro-channels with very small hydrau-

lic diameters (100–0.1 lm) using different methods. For

example, chemical etching is used to build micro-chan-

nels on silicon wafers; in this case, the shape of the

channels depends on a variety of factors such as the

crystallographic nature of the silicon used. When a

KOH-anisotropic etching technique is employed, it is

possible to obtain micro-channels having a fixed cross-

section that depends on the orientation of the silicon

crystal planes; for instance, micro-channels etched in

h100i or in h110i silicon, will have a trapezoidal

cross-section (with an apex angle of 54.74� imposed by
ed.
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Nomenclature

a, b maximum and minimum width of the cross-

section, m

cp fluid specific heat, J kg�1 K�1

Dh hydraulic diameter of the duct (=4C/X), m
Ec Eckert number, (=W2/(2cpDhref))
f Fanning friction factor

h cross-section height, m

k fluid thermal conductivity, W m�1 K�1

L micro-channel length, m

L* dimensionless micro-channel length (=L/Dh)

Ma Mach number (=W/c with c = acoustic

velocity)

p pressure of the fluid in the duct, Pa

p* dimensionless pressure defined in Eq. (4)

Pe Peclet number (=RePr)

Pr Prandtl number (=m/a)
q linear heat flux, W m�1

Re Reynolds number (=WDh/m)
T(Æ) dimensionless fluid temperature

u(Æ) axial fluid velocity, m s�1

V(Æ) dimensionless fluid velocity

W fluid average velocity, m s�1

x, y, z dimensionless Cartesian co-ordinates

Greek symbols

a thermal diffusivity (=k/qcp), m
2 s�1

U* dimensionless viscous-energy-dissipation de-

fined by Eq. (6)

c micro-channel aspect ratio (=h/a)

C wetted perimeter, m

C* dimensionless perimeter (=C/Dh)

m kinematic viscosity, m2 s�1

l dynamic viscosity, kg m�1 s�1

q fluid density, kg m�3

h fluid temperature, K

X cross-section area, m2

X* dimensionless cross-section (=X=D2
h)

n, g, f Cartesian co-ordinates, m

Subscripts

app apparent

v mixing cup (or bulk)

exp experimental

in inlet

ref reference

th theoretical

w wall
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the crystallographic morphology of the silicon) or a rect-

angular cross-section respectively. A vast amount of

experimental and numerical studies on the pressure drop

and the convective heat transfer in micro-channels have

appeared in the open literature for these geometries; a

complete review of these works is given by Morini [1].

Many authors have suggested new correlations in order

to predict the friction factors and the convective heat

transfer coefficients in micro-channels both in the lami-

nar and turbulent regimes. Unfortunately, the new cor-

relations proposed to predict the Nusselt number in

micro-channels disagree with one another, as demon-

strated by Owhaib and Palm [2] and each correlation

disagrees with the conventional prediction.

In order to explain this behaviour many researchers

claimed that the Navier–Stokes equations are no longer

adequate to study flows through micro-channels because

the characteristic lengths of MFDs are sometimes of the

same order of magnitude as the mean free path of the

molecules of the flowing fluid; this occurs especially

for gas flows. On the contrary, for liquids with a distance

between the molecules much smaller than that for gases,

the continuum approach and the Navier–Stokes equa-

tions hold even in micro-channels.

Herwig and Hausner [3] observed that in order to

study the forced convection of liquids in the laminar

regime a common theoretical basis for macro- and
micro-flows can be used; nevertheless, certain effects

can be of different importance for micro-systems if com-

pared with macro-systems. Herwig and Hausner [3]

called these effects ‘‘scaling effects with respect to a stan-

dard macro-analysis’’. Guo and Li [4] remarked that,

since different forces have different length dependences,

the surface forces (like surface tensions, viscous forces

and electrostatic forces) become more important and

even dominant as the scale is reduced. For this reason,

it is possible to identify the following main ‘‘scaling

effects’’ for single-phase flows in micro-channels: (i) axial

heat conduction (small Peclet number); (ii) conjugate

heat transfer; (iii) temperature dependent properties (in

particular viscosity); (iv) wall roughness (non-uniform

wall roughness distribution along the perimeter) and

(v) viscous dissipation (high viscous forces).

Axial heat conduction and conjugate heat transfer in

micro-channels have been studied numerically by several

authors. The effects of thermal conductivity of the solid

region around the micro-channels has been explored by

Qu and Mudawar [5]; for the geometry investigated, the

effects of the solid thermal conductivity on the average

Nusselt number were so small that their results for a

copper heat sink and a silicon heat sink were virtually

identical. For the same geometry, Li et al. [6] observed

that the magnitude of the heat flux due to axial heat con-

duction in the solid region depends on the Reynolds
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number. They concluded that for low fluid flow rates

particular attention should be paid to the effects of this

heat loss.

A number of papers have been devoted to analyze the

effect of thermophysical property variations with tem-

perature [7–10]. The main conclusion of these works is

that the variation of the fluid viscosity cannot be neg-

lected in the analysis of micro-flows, especially at low

Reynolds numbers, whereas quantities such as density,

specific heat etc. can be considered independent of tem-

perature. This fact is, in part, linked to the different role

of forces in micro-scales; mixed convection is unimpor-

tant in micro-channels because the values assumed by

the Grashof number are very small (Gr is dependent

on the third power of the characteristic length). That

means that the classical Boussinesq approximation is

not useful to study the convective heat transfer in

micro-channels. On the contrary, since the viscous forces

are important at the micro-scale, a new approximation

can be proposed: to consider all the fluid properties as

constant in the equations with the exception of the fluid

viscosity.

The role of surface roughness on fluid flow and heat

transfer in micro-channels has been emphasized by sev-

eral authors both experimentally and theoretically [11–

14]. Particularly interesting is the model proposed by

Sabry [11] to explain the role of the surface roughness

at the walls of a micro-channels. He stated that liquid

flow is probably partially separated from the walls by

a very thin gas blanket trapped by the roughness

elements in micro-channels. This gas blanket could

influence the value assumed by the friction factor, the

critical Reynolds number that marks the transition from

laminar-to-turbulent regimes and the Nusselt number

and could explain the dependence of the friction factor

and the Nusselt number on the Reynolds number even

in the laminar regime.

The effect of viscous forces in micro-channels has

also been investigated by many authors. Tso and Mah-

ulikar [15,16] have made a theoretical and experimental

analysis of circular micro-channels considering the effect

of viscous dissipation by means of the Brinkman num-

ber. They found that the experimental data on the fric-

tion factor for laminar flow can be correlated well by

using the Brinkman number. In their experimental anal-

ysis the authors found very small values of the Brinkman

number (of the order of 10�8), too low to affect directly

the water bulk temperature by means of viscous dissipa-

tion. The author remarked that for micro-channels the

effect of the Brinkman number is related to the reduction

of the dynamic viscosity between the inlet and the outlet

of a micro-channel due to the increase in the bulk tem-

perature; this fact can reduce the Brinkman number at

the exit by about 50% of its inlet value. The authors con-

cluded that the axial variation of the Brinkman number

affects the convective heat transfer in micro-channels;
they defined this effect ‘‘the secondary effect’’ of the

Brinkman number. The authors demonstrated that the

secondary effect of the Brinkman number can be used

to explain the decrease in the Nusselt number when

the Reynolds number increases in the laminar regime.

Judy et al. [17] confirmed experimentally that viscous

dissipation can be invoked to explain the deviation from

Stokes flow behaviour repeated in many other works on

micro-channels; they evidenced that viscous heating has

the significant effect of increasing the temperature of the

flowing fluid along the micro-channel axis.

Tunc and Bayazitoglu [18] studied the effects of vis-

cous dissipation for rarefied gas flow in the slip-flow re-

gime in circular and rectangular micro-channels. They

concluded that the Brinkman number plays an impor-

tant role in the heat transfer through micro-devices even

for gas flows.

Xu et al. [19] investigated the viscous dissipation ef-

fects for liquid flows in micro-channels; they stated that

deviations from predictions using conventional theory

that neglects viscous dissipation could be expected be-

cause viscous dissipation tends to be significant due to

the high velocity gradients existing in channels with

small hydraulic diameters. They proposed a criterion

to draw the limit of the significance of the viscous dissi-

pation effects in micro-channel flows.

More recently, Koo and Kleinstreuer [20] investi-

gated numerically the viscous dissipation effects on the

temperature field and friction factor in circular and rect-

angular micro-channels. They demonstrated that viscous

dissipation is strongly dependent on the hydraulic dia-

meter and the channel aspect ratio. They concluded that

ignoring viscous dissipation could affect accurate flow

simulation in micro-channels.

In this paper, the explanation of the experimental re-

sults obtained for micro-channels in terms of friction

factors will be researched within the conventional theory

(Navier–Stokes equations) by considering in the analysis

those effects that are not important in macro-scale but

that become so when the dimensions of the system de-

crease (the scaling effects with respect to a standard

macro-analysis). In particular, this paper focuses on

the role of viscous heating in liquids flowing through

micro-channels. When a fluid flows through a channel

having a very small hydraulic diameter, the internal heat

generation due to the viscous forces can produce a tem-

perature rise even if the micro-channel is adiabatic. The

temperature variation due to the viscous dissipation

changes the values of the fluid thermophysical properties

between inlet and outlet of the micro-channel. This effect

becomes particularly significant for the viscosity of

liquids flowing in micro-channels. In this paper, a crite-

rion will be suggested to assess the significance of the

effects of viscous dissipation in micro-channel flows. In

order to highlight the influence of viscous forces, the

other scaling effects will not be taken into account.
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2. Mathematical model

Let us consider a micro-channel having an axially

uniform cross-section with area equal to X and peri-

meter equal to C. The length of the channel is equal to

L. An imposed linear heat flux qw is present at the wall

(H1 boundary condition). Some simplifying assump-

tions can be made before applying the conventional

Navier–Stokes and energy equations to model the fluid

flow and the heat transfer process in the micro-channel.

The major assumptions are

1. the fluid is Newtonian, incompressible and with a

laminar fully developed profile of velocity u(n,g)
and a uniform inlet temperature hin;

2. the transport processes are considered to be steady-

state and bi-dimensional (throughout the micro-

channel the velocity and the temperature profiles

are considered as fully developed);

3. thermal radiation is neglected;

4. all channel walls are rigid and non-porous;

5. axial thermal conduction (Pe � 1), natural convec-

tion (Gr/Re2 � 1), and interior heat sources are

neglected;

6. fluid thermophysical properties are assumed as

constant.

Under the mentioned hypotheses the conservation

equations of momentum and energy can be written as

follows:

r2u ¼ � 1

l
dp
df

;

r2hþ l
k
½ru � ru� ¼ uðn; gÞ

a
oh
of

.

8>>><
>>>:

ð1Þ

In the fully developed thermal region of a heated duct

the temperature profile continues to change with f but

the ‘‘relative temperature shape’’ of the profile no longer

changes. Using the definition of thermal fully developed

region it is possible to demonstrate that, for the H1

boundary condition, the energy equation can be inte-

grated on the area of the cross-section by obtaining

the following result:

oh
of

¼ dhb
df

¼
qw þ l

R
X½ru � ru�dX
qcpWX

; ð2Þ

where qw is the linear heat flux to the heated wall, W is

the fluid average velocity, X is the area of the cross-sec-

tion and hb is the bulk temperature defined as follows:

hb ¼
1

X

Z
X
uðn; gÞhðn; gÞdX. ð3Þ

It is suitable to introduce the following dimensionless

quantities:
x ¼ n
Dh

; y ¼ g
Dh

; z ¼ f
L
;

C� ¼ C
Dh

; X� ¼ X

D2
h

; r� ¼ Dhr;

V ¼ u
W

; T ¼ ðh� hinÞ
Dhref

; L� ¼ L
Dh

;

p� ¼ � D2
h

lW
dp
df

; Ec ¼ W 2

2cpDhref
;

Pe ¼ WDh

a
¼ RePr; ~qw ¼ qw

kDhref

ð4Þ

Consequently, the dimensionless momentum and en-

ergy balance equations are readily obtained in the fol-

lowing forms for the problem examined:

r�2V ¼ �p�;
dT b

dz
¼ ~qwL

�

PeX� þ 2
EcL�

ReX� U
�

8<
: ð5Þ

in which the dimensionless viscous-energy-dissipation

function U* is defined as

U� ¼
Z
X�
½r�V � r�V �dX�. ð6Þ

The momentum conservation equation is solved by

using the no-slip boundary condition at the wall; which

means considering Kn < 0.001 for liquid flows, so as to

neglect any rarefaction effect. For a liquid flow, this

assumption is justified; by assuming the typical mean

free path k of molecules under ambient conditions is in

the range 0.1–1 nm, the Knudsen number (Kn = k/Dh)

can take values greater than 0.001 only if the hydraulic

diameter of the micro-channel is less than 1 lm.

The complete set of boundary conditions is thus:

V jC� ¼ 0;

T bjz¼0 ¼ 0.

�
ð7Þ

By considering the thermophysical properties as con-

stant, the momentum equation and the energy balance

equation are uncoupled. From the velocity distribution

V (x,y) it is possible to derive the value assumed by

the main flow parameters as a function of the micro-

channel aspect ratio. In particular, it is possible to deter-

mine the value of the Poiseuille number, i.e. the product

of the Fanning friction factor for fully developed flow (f)

and the Reynolds number (Re), using the following

relation:

f Re ¼ � 1

2X�

Z
X�
r� � ðr�V ÞdX� ¼ p�

2
. ð8Þ

It can be demonstrated that the Poiseuille number

and the viscous-energy dissipation function U* are re-

lated. Indeed, by using the properties of the Laplacian

operator it is possible to write:

r�V � r�V ¼ �Vr�2V þ 1
2
r�2V 2. ð9Þ
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By integrating Eq. (9) on the cross-section area of the

micro-channel,

Z
X�
r�V � r�V dX�

¼ �
Z
X�
Vr�2V dX� þ 1

2

Z
X�
r�2V 2 dX�. ð10Þ

The second integral of the r.h.s. of Eq. (10) can be dem-

onstrated to be zero:

Z
X�
r�2V 2 dX� ¼

Z
C�
n � r�V 2 dC� ¼ 0. ð11Þ

By using the Navier–Stokes equation (Eq. (5)), the

first term on the r.h.s. of Eq. (10) can be written as

follows:

Z
X�
Vr�2V dX� ¼ �p�

Z
X�
V dX� ¼ �p�X� ð12Þ

By substituting Eqs. (11) and (12) in Eq. (10) it fol-

lows that:

U� ¼
Z
X�
r�V � r�V dX� ¼ 2f ReX� ¼ f Re

C�

2
. ð13Þ

Eq. (13) states that the heat generation due to the vis-

cous dissipation in the 1D average model obtained by

integrating the energy equation on the cross-section

can be lead back to the friction at the channel walls.

By combining Eq. (13) with the energy equation in Eq.

(5), it is possible to show how the axial variation of

the bulk temperature is related to the Poiseuille number:

dT b

dz
¼ ~qwL

�

PeX� þ 4
Ec
Re

½ f ReL��. ð14Þ

By integrating Eq. (14) from the inlet to the outlet of

a long micro-channel, where the entrance effects are neg-

ligible, one obtains the temperature rise along the micro-

channel:

T bðz ¼ 1Þ ¼ Dhb
Dhref

¼ ~qwL
�

PeX� þ 4
Ec
Re

½ f ReL��. ð15Þ

Two different contributions are present in Eq. (15);

the first term on the r.h.s. represents the effect of the heat

flux at the wall. The second term is the contribution to

fluid heating due to viscous dissipation, the quantity in

brackets depending on the geometry of the micro-chan-

nel only.

In heated or cooled macro-channels, the first term is

predominant on the second term. It is easy to demon-

strate that for macro-channels the second term is always

negligible in the laminar regime. As an example, for a

tube with ID equal to 1 cm and 1 m long in which water

flows in laminar regime (Re = 1000) the temperature rise

due to viscous heating is of the order of 10�5 K; for

ID = 100 lm the temperature rise with the same condi-

tions becomes of the order of 10 K. These examples evi-
dence that the viscous heating can be considered a

‘‘scaling effect’’ for micro-channels.

In order to analyze the contribution of the viscous

dissipation alone on the temperature rise, in the follow-

ing discussion an adiabatic micro-channel will be

considered.

By using Eq. (15) for an adiabatic micro-channel

(qw = 0), the value of the dimensionless temperature at

the outlet of the micro-channel can be calculated as

follows:

T bðz ¼ 1Þ ¼ Dhb
Dhref

¼ 4
Ec
Re

½f ReL��. ð16Þ

Hence, the outlet temperature increases if the mean

velocity of the fluid increases and if the micro-channel

hydraulic diameter decreases; the role of the micro-chan-

nel geometry is taken into account by means of the term

in brackets of Eq. (16).

The temperature gradient along the micro-channel

due to the viscous heating can be expressed as follows:

dhb
df

¼ 4
Ec
Re

½f Re�
� �

Dhref
Dh

. ð17Þ

Eq. (17) is obtained by considering a constant value of

the viscosity; in this manner, Eq. (17) gives the maxi-

mum value of the temperature rise related to the viscous

heating, as demonstrated numerically by Koo and Kle-

instreuer [20].

In order to determine the temperature difference be-

tween the inlet and the outlet of a micro-channel by

means of Eq. (16) or (17) it is necessary to know the

value assumed by the Poiseuille number in the laminar

regime for the micro-channel considered. In this work,

the values of the Poiseuille number for circular, rectangu-

lar, trapezoidal and double trapezoidal micro-channels

determined numerically by Morini [21] are employed.

In Fig. 1 the cross-sections considered by Morini [21]

are shown. The Poiseuille number for rectangular, trap-

ezoidal and double-trapezoidal micro-channels depends

on the aspect ratio. Two different definitions of the as-

pect ratio are used in literature for trapezoidal channels:

c = h/a or b = h/b with reference to the symbols shown in

Fig. 1. For a h100i silicon micro-channel the aspect

ratio c cannot exceed the value of tg(/)/2 (equal to

0.707 for / = 54.74�) corresponding to the degeneration

of the channel cross-section into a triangle.

The aspect ratio c of a double-trapezoidal channel is

defined as the ratio between the height (h) and the max-

imum width (a); c can assume all the values between 0,

the parallel plates configuration, and 1.414, the rhombic

configuration.

Morini [21] gave a fifth order polynomial approxima-

tion for calculating fRe as a function of the channel as-

pect ratio (c) with the aim of offering a very simple but

accurate tool for technicians and designers involved in

micro-fluidic applications:
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Fig. 1. Schematic representation of the most common silicon micro-channel cross-sections.

Table 1

Polynomial coefficients appearing in Eq. (18) for trapezoidal, double-trapezoidal and rectangular silicon micro-channels

g0 g1 g2 g3 g4 g5 D (%)

Trapezoidal h100i silicon micro-channel [21] (0 < c < 0.707)

fRe 24 �42.267 64.272 �118.42 242.12 �178.79 �0.14

Double-trapezoidal h100i silicon micro-channel [21] (0 < c < 1.414)

fRe 24 �27.471 26.117 �6.6351 �0.2956 �0.5974 0.05

Rectangular h110i silicon micro-channel [22] (0 < c < 1)

fRe 24 �32.5272 46.7208 �40.8288 22.9536 �6.0888 0.05

6

9

12

15

18

dθ
b/

dζ
 [Κ

/m
]

Celata et al. [23,24]

Eq. (17)

D h=101 µm
water
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f Re ¼
X5

n¼0

gic
n. ð18Þ

A similar correlation has been presented by Shah and

London [22] for rectangular ducts. The values of the

constants gi are listed in Table 1 for micro-channels

having rectangular, trapezoidal and double-trapezoidal

cross-sections; the maximum relative difference D quoted

in Table 1 is positive when Eq. (18) gives values greater

than the rigorous calculation.
0

3

0 500 1000 1500 2000 2500

Re

Fig. 2. Comparison between the temperature gradient pre-

dicted by Eq. (17) and the experimental data of Celata et al.

[23,24] obtained with water in smooth fused silica micro-tubes

having a hydraulic diameter of 101 lm.
3. Discussion of the results

In order to validate Eq. (17) the experimental data of

Celata et al. [23,24] are used. Celata et al. [23] measured

the temperature difference between the inlet and the out-

let of a smooth capillary tube (fRe = 16) of fused silica

with a hydraulic diameter equal to 101 lm through

which water is circulated at different Reynolds numbers.

The comparison between the prediction of Eq. (17) and

the experimental data of Celata et al. [23,24] is shown in

Fig. 2. It is possible to note that the agreement between

the model and the measurements is good; in particular,

the experimental values are generally lower than those

predicted using the temperature gradient, as per Eq.

(17). This fact can be explained by observing that Eq.

(17) holds if the micro-tube can be considered adiabatic,

whereas the micro-tube was not thermally insulated dur-

ing the experimental tests. The agreement improves for
larger Reynolds numbers; this fact is due to the smaller

temperature rise at lower Reynolds number. In addition,

it is possible to note that the micro-tubes tested by

Celata et al. [23,24] were characterized by two different

lengths (L = 10.02 cm and L = 5.035 cm) and the agree-

ment between Eq. (17) and the experimental data is bet-

ter for the longer micro-tubes. This is readily explained

by observing that Eq. (17) has been obtained by neglect-

ing the entrance effects and these effects become more
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important for the shorter micro-tubes. It is important to

note that the value of the temperature gradient is not

influenced by the choice of the reference temperature

drop Dhref because this term is deleted by the same term

in the Eckert number.

Fig. 3 depicts the value of the temperature gradient as

a function of the hydraulic diameter for a fixed value of

the Reynolds number (Re = 300) when water flows

through a rectangular micro-channel. Two micro-chan-

nels with a rectangular cross-section (c = 0.1 and c = 1)

are considered.

Judy et al. [17] for a square micro-channel with a

hydraulic diameter of 74.1 lm (Dh), and 11.4 cm long

(L) have experienced a temperature rise between the inlet

and the outlet of 6.2 �C when iso-propanol was em-

ployed as working fluid with Re = 300; in the same con-

ditions, by using Eq. (16) one obtains a temperature rise

of 5.8 �C. The thermophysical properties as functions of

temperature used in the present work for water, metha-

nol and iso-propanol are from [25].

In Fig. 3 it is evident that for different fluids the vis-

cous dissipation effect can play different roles. By using

Eq. (17) it is possible to note that, for two different flu-

ids, c and d, and for a fixed value of the Reynolds num-

ber, hydraulic diameter and cross-section geometry, the

temperature gradient ratio is linked to the following

ratio of the fluid thermophysical properties:

dhb
df

� �
c

dhb
df

� �
d

¼ mc
md

� �2 cpd
cpc

� �
. ð19Þ

The temperature gradient due to the viscous heating

is larger for fluid having a large value of the kinematic

viscosity and a low value of the specific heat. For exam-
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b/

dζ
 [Κ

/m
]

Fig. 3. Temperature gradient as a function of the hydraulic

diameter for square (c = 1) and rectangular (c = 0.1) micro-

channels for water at Re = 300.
ple, for iso-propanol and water this ratio is equal to

13.26 at 298 K; for methanol and water this ratio is

equal to 2.32 at 298 K.

In Fig. 3 the comparison between the values of the

temperature gradient for iso-propanol and water are

shown; as expected, the viscous heating, for a fixed value

of the Reynolds number of the hydraulic diameter and

micro-channel cross-section, is stronger when iso-propa-

nol is used as working fluid.

In addition, it is well evident that the effects of the

viscous dissipation are negligible for Re = 300 for micro-

channels having a hydraulic diameter larger than

300 lm.

It is interesting to note that, for water and air the

ratio quoted in Eq. (19) is equal to 103 at 298 K; this

means that the effects of the viscous dissipation could

be very strong for air. However, the influence of com-

pressibility is very important for gases flowing through

micro-channels; the gas expansion in the flow direction

causes the temperature to decrease and it contrasts the

effects of viscous heating. In other words, for gases the

constant properties model presented in this paper can

be useful only if these two conditions are verified:

Ma < 0.2
Dp
pin

< 0.05; ð20Þ

where Ma is the average Mach number (=W/c) between

the inlet and outlet of the micro-channel, Dp is the pres-

sure drop through the micro-channel and pin is the initial

static pressure. In general, for micro-channels the second

condition is the stricter constraint.

By observing Fig. 3, it is evident that the effects of the

viscous dissipation are more important for decreasing

aspect ratios of the micro-channel. This feature can be

further evidenced by using the data of Fig. 4 where the
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Fig. 4. The effect of the aspect ratio on the temperature

gradient due to viscous dissipation in a rectangular micro-

channel: comparison with the numerical results obtained by

Koo and Kleinstreuer [20].
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value of the temperature gradient related to viscous

heating in a rectangular micro-channel for iso-propanol

with a fixed value of the Reynolds number (Re = 0.2)

and of the hydraulic diameter (Dh = 6 lm) is plotted as

a function of the channel aspect ratio (c). The numerical

results obtained by Koo and Kleinstreuer [20] in the

same conditions are utilized to prove the reliability of

the results obtained by means of Eq. (17).

The dependence of the viscous dissipation on the

Reynolds number in rectangular micro-channels is evi-

denced in Fig. 5; a square micro-channel having a

hydraulic diameter of 74 lm is considered in order to

compare the results obtained by means of Eq. (17) with

the numerical results of Koo and Kleinstreuer [20]. The

viscous dissipation clearly increases with the square of

the Reynolds number; the difference between the numer-

ical results obtained by Koo and Kleinstreuer tends to

increase for high Reynolds number; this fact is due to

the effects of the entrance region which are not consid-

ered in Eq. (17). The results of Koo and Kleinstreuer

[20] put in evidence the entrance effects on the tempera-

ture rise; by using these results, it is possible to conclude

that the hypothesis of a constant temperature gradient

along the micro-channel holds in the large part of the

micro-channel, especially for low Reynolds numbers.

In Fig. 6 the temperature gradient due to viscous

heating is shown as a function of the aspect ratio for

trapezoidal, rectangular and double trapezoidal cross-

sections. The working fluid is iso-propanol and fixed

values of the Reynolds number (Re = 300) and of the

hydraulic diameter (40 lm) are considered. The viscous

heating increases when the aspect ratio decreases; in a

trapezoidal micro-channel 1 cm long, the temperature

rise between the inlet and the outlet is equal to 5 �C
for c = 0.05; if the trapezoidal cross-section degenerates

in a triangular cross-section (c = 0.707) the temperature

rise becomes equal to 3 �C. It is interesting to note that
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Fig. 5. The effect of the Reynolds number on the temperature

gradient due to the viscous heating for water in a square micro-

channel with a hydraulic diameter equal to 74.1 lm.
the viscous heating is stronger in double-trapezoidal for

a fixed value of the aspect ratio. This fact can be

explained by considering the number of corners of the

cross-section. For low values of the aspect ratio the

influence of the geometry on the temperature gradient

becomes negligible.

In Fig. 7 the temperature rises obtained by Koo and

Kleinstreuer [20] for iso-propanol with low Reynolds

numbers (Re < 1) in order to reproduce the experimental

data obtained for trapezoidal micro-channels by Pfhaler

et al. [26] are compared with the prediction of Eq. (16).

Koo and Kleinstreuer simulated the trapezoidal micro-

channels as rectangular ducts with the same hydraulic

diameter and aspect ratio; in this work this approxima-

tion is removed. The geometrical characteristics of the

four channels tested by Pfhaler [26] are summarized in

Table 2.
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Fig. 7. Temperature rise due to the viscous dissipation along

the silicon trapezoidal micro-channels tested by Pfhaler et al.

[26].



Table 2

Maximum width (a), height (h), length (L) and hydraulic

diameter of the h100i silicon trapezoidal micro-channels tested

by Pfhaler et al. [26]

a [lm] h [lm] L [m] Dh [lm]

ch#1 115 0.48 0.0105 0.96

ch#2 110 3 0.0105 5.80

ch#3 86.25 24.4 0.0109 34.05

ch#4 50 38.7 0.0102 25.02

45
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e

Judy et al. [17]
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Fig. 8. Comparison between the experimental values of the

Poiseuille number obtained by Judy et al. [17] and Eq. (21).
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By observing Fig. 7 it is possible to note that even in

the very low Reynolds number range the effects of vis-

cous heating can be very strong if the hydraulic diameter

of the micro-channel is small. The agreement with the

data of Koo and Kleinstreuer [20] is good for ch#1,

ch#2 and ch#3; on the contrary, the present results for

ch#4 are quite different from the results obtained by

these authors. This fact is due to the approximation

used, i.e. considering the trapezoidal cross-section as

rectangular with the same aspect ratio. As demonstrated

in Fig. 6, for low aspect ratio, trapezoidal and rectan-

gular micro-channels exhibit a similar behaviour; this

fact explains the agreement experienced when ch#1 (c =
0.004), ch#2 (c = 0.027) and ch#3 (c = 0.28) are consid-

ered. On the contrary, for ch#4 the cross-section is trian-

gular and the aspect ratio is maximum (c = 0.707); in

this case the approximation used by Koo and Kle-

instreuer does not hold. This fact confirms the important

role of the cross-sectional geometry on viscous heating.

Judy et al. [17] have shown that the experimental

Poiseuille numbers are strongly influenced by the viscos-

ity variation with temperature along the micro-channel.

They calculated fRe in two different ways: (i) by using a

viscosity based on the inlet temperature and (ii) using a

viscosity based on the average temperature between the

inlet and the outlet. When the temperature at the inlet

was used to evaluate the viscosity, the friction factor de-

creased with increasing Reynolds number as the effect of

viscous heating becomes more pronounced at higher

velocities. They demonstrated that the theoretical value

of the Poiseuille number (fReth), independent of Rey-

nolds number in laminar regime, and the experimental

Poiseuille number, in which the viscosity is calculated

by using the inlet temperature (fReexp), can be related

through:

f Reexp ¼
lðhmÞ
lðhinÞ

� �
f Reth; ð21Þ

where hm is the mean temperature between the inlet and

the outlet.

By using Eq. (16) to calculate the temperature rise

due to the viscous heating in a square micro-channel

(Dh = 74.1 lm) in which iso-propanol is used as working

fluid and keeping in mind that for a square channel the

theoretical Poiseuille number is equal to 14.227, it is pos-
sible to predict the value of the experimental Poiseuille

number as a function of the Reynolds number and com-

pare these results with the experimental results obtained

by Judy et al. [17].

Fig. 8 shows how the agreement between the experi-

mental values of fRe found by Judy et al. can be cor-

rectly predicted by using the theory developed in this

paper on the role of the viscous heating in micro-chan-

nels. This fact demonstrates that the viscous heating

can explain some experimental observations in which a

reduction of the friction factor in the laminar regime

as the Reynolds number increases was reported.

It is possible to suggest a criterion to establish when

viscous dissipation effects cannot be ignored in micro-

channels. If one considers the temperature gradient in

the flow direction as a constant, Eq. (16) gives the fluid

temperature rise between the inlet and the outlet due to

the viscous dissipation in an adiabatic micro-channel.

In Eq. (16) Dhref is a reference temperature rise; this

value can be fixed by considering the temperature sensi-

tivity of fluid viscosity; for instance, it could be defined

as the temperature rise for which the dynamic viscosity

decreases about 2–3%. For water and iso-propanol the

dynamic viscosity decreases about 20–25% per 10 K;

for this reason, the Dhref can be assumed equal to 1 K.

In order to neglect the effects of the viscous dissipa-

tion in adiabatic flows through micro-channels, the tem-

perature rise due to viscous dissipation between the inlet

and the outlet shall be less than the reference tempera-

ture rise; in other words, the viscous dissipation effects

in adiabatic micro-channels cannot be neglected if the

following condition is satisfied:

4
Ec
Re

½L�f Re� P 1. ð22Þ
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Eq. (22) can be adopted as a criterion to predict the

upper limit of significance of viscous dissipation in a

micro-channel. Eq. (22) allows for a fixed micro-channel

geometry and hydraulic diameter the calculation of the

values of the Reynolds number for which the tempera-

ture rise between inlet and outlet is equal to or greater

than Dhref.
Fig. 9 plots the Reynolds number in correspondence

of which the temperature rise, between inlet and outlet

of a micro-tube 5 cm long, becomes equal to 1 K (Dhref)
as a function of the hydraulic diameter of the micro-

channel, for both water and iso-propanol flows.

The criterion based on Eq. (22) has been compared

with the criterion proposed by Xu et al. [19] to draw

the limit of significance for viscous dissipation effects

in micro-channels.

They suggested that the limit of the viscous dissipa-

tion effects has to be linked to a temperature rise of

1 K between inlet and outlet. From the Buckingham p
theorem they derived that the aforementioned criterion

takes the form:

lW 2L

qWcphrefD2
h

� �
Pr�0.1 > 0.056. ð23Þ

The authors called Viscous number (Vi) the term in

brackets and deduced the coefficients in this correlation

by using their numerical results for water through circu-

lar micro-channels.

In Fig. 9 the values of the minimum Reynolds num-

ber obtained by using the proposed criterion (Eq. (22))

and those calculated by using the criterion proposed

by Xu et al. [19] are compared for water and iso-propa-

nol (by using href = 1 K as suggested by the authors).

The criterion proposed by Xu et al. tends to overesti-

mate the effects of the viscous dissipation with respect

to Eq. (22).

In Fig. 10 the role of the cross-sectional geometry on

the minimum Reynolds number calculated by means of
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Fig. 9. Reynolds numbers for which the temperature rise due to

the viscous heating along a circular micro-channel 5 cm long is

equal to 1 K (Dhref) as a function of the hydraulic diameter.
Eq. (22) is shown for rectangular (c = 0.1), trapezoidal

(c = 0.5) and double-trapezoidal (c = 1) micro-channels.

It is shown that the viscous dissipation becomes signifi-

cant early for shallow cross-sections (low aspect ratio c).
Finally, it must be noted that Eq. (16) can be em-

ployed to determine experimentally the value assumed

by the apparent friction factor:

fapp ¼
Dhb
Dhref

1

4EcL�

� �
. ð24Þ

By using Eq. (24), the friction factor can be deter-

mined without measuring the pressure drop along the

micro-channel but by means of temperature and flow

rate measurement alone. This kind of measurement is

not suitable when macro-channels are tested: for this

reason Eq. (24) can be considered as an example of

the role of scaling effects and to suggest new measure-

ment procedures at the micro-scales.

A future work based on experimental results ob-

tained for adiabatic micro-channels will be devoted to

demonstrate how Eq. (24) can be used to determine

the friction factors in very small micro-channels

(Dh < 100 lm) and to identify the critical Reynolds

number that marks the laminar-to-turbulent transition

in micro-channels.
4. Conclusions

Often ‘‘unexpected experimental results’’ obtained by

testing liquid flows through micro-channels are actually

attributed to scaling effects and/or to the lack of accu-

racy in the experimental tests. By integrating the con-

ventional theory with the effects that tend to become

important in micro systems it is possible to explain many

experimental results reported in the open literature with-
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out invoking ‘‘new micro-effects’’. The viscous dissipa-

tion effect was demonstrated to be a typical ‘‘scaling

effect’’ for micro-channel flows; this effect can become

very important for liquid flows when the hydraulic

diameter is less than 100 lm. Based on the conventional

theory, a model to predict the viscous dissipation effects

in a micro-channel with an axially unchanging cross-sec-

tion was developed. The temperature rise in an adiabatic

micro-channel has been expressed as a function of the

Eckert, Reynolds and Poiseuille numbers. Numerical

and experimental results that appeared in the open liter-

ature were used as a benchmark in order to verify the

reliability of the proposed model. After that, the role

of the fluid thermophysical properties and of the

micro-channel cross-section geometry on the viscous dis-

sipation was analyzed and discussed.

By taking into account the viscous heating and the

consequent decrease of the fluid viscosity, it has been

shown that it is possible to explain the decrease of the

friction factor when the Reynolds number increases as

observed by some researchers. In addition, a criterion

has been presented to discern the limit for which the

effect of viscous dissipation can no longer be regretted

in micro-channels.
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